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Abstract
In this article we describe the moduli problem of a “twist” of some simple Shimura varieties of PEL type
that appear in Kottwitz’s papers [R. Kottwitz, Shimura varieties and λ-adic representations, in: Automorphic
Forms, Shimura Varieties and L-Functions, part 1, in: Perspect. Math., vol. 10, Academic Press, San Diego,
CA, 1990, pp. 161–209; R. Kottwitz, Points on some Shimura varieties over finite fields, J. Amer. Math.
Soc. 5 (2) (1992) 373–444] and [R. Kottwitz, On the λ-adic representations associated to some simple
Shimura varieties, Invent. Math. 108 (1992) 653–665] and then, using the moduli problem, we compute
the cardinality of the set of points over finite fields of the twisted Shimura varieties. Using this result, we
compute the zeta function of the twisted varieties. The twist of the Shimura varieties is done by a mod q
representation of the absolute Galois group of the reflex field of the Shimura varieties.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In this article we describe the moduli problem of a “twist” of some simple Shimura varieties of
PEL type that appear in Kottwitz’s papers [K1,K2] and [K5] and then, using the moduli problem,
we compute the cardinality of the set of points over finite fields of the twisted Shimura varieties.
Using this result, we compute the zeta function of the twisted varieties. The twist of the Shimura
varieties is done by a mod q representation of the absolute Galois group of the reflex field of the
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appear in Wiles’ paper [W].
More exactly we consider a simple Q-algebra B and ∗ a positive involution on B . Let V be a
nondegenerate skew-Hermitian B-module and let G be the algebraic group over Q of similitudes
of the skew-Hermitian B-module V (other conditions are imposed on B and V to insure that G is
unramified at some given rational prime p; see Section 2 for details). Let h : C → EndB(VR) be
an R-algebra homomorphism such that h(z¯) = h(z)∗ and the symmetric real-valued bilinear form
(v,h(i)w) on VR is positive definite, where we have written ∗ for the involution on EndB(V )
obtained from the alternating form on V . By restricting h to C× we obtain a homomorphism
h : C× → GR of algebraic group over R. For q a rational prime distinct from p, such that G is
unramified at q , let SK be the Shimura variety associated to (G,h−1) and to an open compact
subgroup K := Kq × H of G(Af ), where Kq is a normal subgroup of a hyperspecial maximal
compact subgroup Hq of G(Qq), H is a sufficiently small open compact subgroup of G(Aqf ),
and Af and Aqf are the finite part of the ring of adeles AQ of Q and the finite part of the ring
of adeles of Q away from q , respectively. Then SK is a smooth quasi-projective variety defined
over a number field E called the reflex field.
Consider the following moduli problem over OE ⊗Z Z(p). If S is a locally noetherian scheme
over OE ⊗Z Z(p), then S-valued points on the moduli problem are the isomorphism classes of
quadruples (A,λ, i, η¯) where A → S is a projective abelian scheme over S up to prime-to-p
isogeny, λ : A → Aˆ is a polarization of A, i : OB → End(A) is a ∗-homomorphism for ∗ on OB
and the Rosati involution on End(A) obtained from λ, and η¯ is a level structure of type Kp on
A and we require that (A,λ, i, η¯) satisfy some “determinant condition” (see Section 3 below),
which depends on h.
For Kp sufficiently small our moduli problem is representable by a quasi-projective scheme
SKp over OE ⊗Z Z(p). The variety over E obtained from SKp is a disjoint union of |ker1(Q,G)|
copies of SK, where our K defined above has a decomposition of the form K = KpKp , where
Kp ⊂ G(Qp) is some hyperspecial maximal compact (see Section 2 below for details).
The varieties SKp and SK have natural actions of Hq/Kq . For H sufficiently small these
actions are free. We fix such a small group H and consider a continuous Galois representation
ρ : Gal(Q¯/E) → Hq/Kq unramified at p and let S′Kp be the variety defined over E obtained
from SKp via twisting by ρ composed with the natural action of Hq/Kq on SKp (see Section 2
for details). Let v be a prime ideal of the ring of integers OE lying over p, let k the residue field
at v and let k′ be a finite extension of k. In this article we compute, using the moduli problem
for S′Kp , the cardinality of the set of k′-rational points of the twisted Shimura variety S′Kp as a sum
of products of twisted orbital integrals and orbital integrals (see formula (8.1) below for details).
From this result, using the trace formula and following the ideas in [K5], one can describe also
easily the zeta function of S′Kp in terms of automorphic representations of G(AQ) (see formula
(10.12) below).
2. Shimura varieties of PEL type
Let p be a prime number. We are interested in certain Shimura varieties of PEL type that
appear in [K2] having good reduction at all places of the reflex field lying above the prime p (in
the next few sections we are following very closely [K2]).
We consider the PEL data (B,∗,V , ( , )), where:
2494 C. Virdol / Journal of Number Theory 128 (2008) 2492–2504(1) B is a finite-dimensional simple algebra over Q,
(2) ∗ is a positive involution on B over Q,
(3) V is a nonzero finitely generated left B-module,
(4) ( , ) is a nondegenerate Q-valued ∗-Hermitian alternating pairing on V , that satisfy the fol-
lowing conditions:
(a) there exists a Z(p)-order OB on B whose p-adic completion is a maximal order in BQp
and which is preserved by ∗;
(b) there exists a lattice Λ0 in VQp which is self-dual for ( , ) and is preserved by OB ;
(c) BQp is a product of matrix algebras over unramified extensions of Qp .
Let F be the be the center of B . Then (c) implies that F is a number field unramified at p. Let
D be the Q-algebra EndB(V ); it is a simple Q-algebra with center F and has an involution ∗
(the adjoint map for (·,·)). Let G be the algebraic group over Q of the B-linear automorphisms
of V , which preserve the pairing ( , ) up to a scalar multiple; then for any Q-algebra R we have
G(R) = {x ∈ D ⊗Q R | xx∗ ∈ R×}. Let h : C → DR be an R-algebra homomorphism such that
h(z¯) = h(z)∗ and the symmetric real-valued bilinear form (v,h(i)w) on VR is positive definite,
i.e. (v,h(i)v) > 0 for all nonzero v ∈ VR.
The homomorphism h determines a decomposition of the BC-module V ⊗Q C = V1 ⊕ V2,
where V1 (respectively, V2) is the subspace of V ⊗Q C on which h(z) acts by z (respectively,
by z¯). The field of definition of the isomorphism class of the complex representation V1 of B is
a number field E called the reflex field, whose ring of integers we denote by OE .
We denote also by h the restriction of h to C×, regarded as a homomorphism of real algebraic
groups C× → G. Then from Lemma 4.1 of [K2], we know that the pair (G,h−1) satisfies the
conditions (1.5.1)–(1.5.3) of [D]. Therefore the set X∞ of conjugates of h−1 under G(R) is
a finite union of copies of the symmetric space for the identity component of G(R) and this
symmetric space is of Hermitian type. Let Kp be a sufficiently small open compact subgroup
of G(Apf ), where A
p
f denotes the ring of finite adeles of Q with trivial p-adic component. The
stabilizer Kp of Λ0 in G(Qp) is a hyperspecial maximal compact subgroup of G(Qp). We define
K := KpKp . We denote by SK the Shimura variety associated to (G,h−1) and K. Then SK is a
smooth quasi-projective variety and has a canonical model defined over OE ⊗Z Z(p).
For any compact open subgroup Kp1 of K
p there is an etale covering SK1 → SK, where
K1 := Kp1 Kp and this covering map is Galois with Galois group K/K1 = Kp/Kp1 if Kp1 is
normal in Kp . For g ∈ G(Af ) there is a natural isomorphism SK → Sg−1Kg .
3. Moduli problem
In this section we formulate the PEL moduli problem having good reduction at all places of
the reflex field lying over a given rational prime p (in the case D of [K2, p. 375], we assume that
p > 2). For an open compact subgroup Kp ⊂ G(Apf ), we consider the set-valued contravariant
functor from the category of locally noetherian schemes S over OE ⊗Z Z(p) that associates to a
connected scheme S and to a geometric point s on S the set of isomorphism classes of quadruples
(A,λ, i, η¯), where:
(1) A is a projective abelian scheme over S;
(2) λ : A → Aˆ is a prime-to-p polarization;
(3) i : OB ↪→ End(A)⊗Z Z(p) is a morphism of Z(p)-algebras such that λ ◦ i(b∗) = i(b)ˆ ◦λ and
det(b,Lie(A)) = det(b,V1) for all b ∈ OB ;
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V ⊗Q Apf → H1(As,Apf ), where H1(As,Apf ) is the Tate Apf -module of the abelian vari-
ety As .
We remark that the level structure η¯ of type Kp is independent of the choice of the geometric
point s of S and thus our functor is independent of s. For Kp sufficiently small this functor is
representable by a quasi-projective scheme SKp over OE ⊗Z Z(p).
Two quadruples (A,λ, i, η¯) and (A′, λ′, i′, η¯′) are said to be isomorphic if there is a prime-
to-p isogeny ϕ : A → A′, commuting with the action of OB , carrying η¯ into η¯′, and carrying λ
into a scalar multiple of λ′ (a scalar in Z×(p)), i.e. ϕ∗λ′ = cλ for some c ∈ Z×(p), where ϕ∗λ′ =
ϕˆ ◦ λ′ ◦ ϕ and ϕˆ : Aˆ′ → Aˆ is the dual of ϕ.
For any compact open subgroup Kp1 of K
p there is an etale covering SKp1 → SKp , sending
(A,λ, i, (η¯)1) to (A,λ, i, η¯), where (η¯)1 denotes the Kp1 -orbit of η, and this covering map is
Galois with Galois group Kp/Kp1 if K
p
1 is normal in K
p
. For g ∈ G(Apf ) there is an isomorphism
SKp → Sg−1Kpg sending (A,λ, i, η¯) (A,λ, i, ηg).
4. Complex points
We want to describe the set of complex points of SKp(C) relative to the map OE ⊗ZZ(p) → C
induced by the inclusion E ⊂ C. Hence we are interested in quadruples (A,λ, i, η¯), where this
time A is an abelian variety over C up to prime-to-p isogeny. Then the homology group H :=
H1(A,Q) is a skew-Hermitian B-module, with the B-action coming from i and the alternating
form coming from λ.
From §8 of [K2], we know that for every place v of Q the skew-Hermitian BQv -modules HQv
and VQv are isomorphic.
The isomorphism classes of skew-Hermitian B-modules of the same dimension as V are
classified by H 1(Q,G), and thus we get there are finitely many isomorphic classes of skew-
Hermitian B-modules (V ′, (. , .)′) such that V ′
Qp
and VQp are isomorphic for all places v of Q. Let
V (1), . . . , V (m) be some representatives in these isomorphism classes. We fix local isomorphisms
V
(i)
Qp
∼= VQp for all places v of Q and let G(i) denote the group of automorphisms of V (i) and thus
we have G(i)
Qp
∼= GQp for all p. We obtain that the set SKp(C) is a disjoint union
∐m
i=1 SK(C)(i),
where SK(C)(i) consists of quadruples (A,λ, i, η¯) such that H is isomorphic to V (i), and hence
it is enough to study each set SK(C)(i).
Assume that V (1) is V and we start studying SK(C)(1). Let (A,λ, i, η¯) be a point of SK(C)(1)
and choose an isomorphism between H and V . Choosing a level structure η¯ is equivalent to
choosing an element of G(Apf )/K
p
. The complex structure on HR = Lie(A) determines a com-
plex structure on VR and yields a homomorphism h′ : C → DR. From Lemma 4.2 of [K2], we get
that h′ belongs to the set X∞ of G(R)-conjugates of h. The self-dual OB -lattice Λ′ := H1(A,Zp)
in HQp becomes an OB -lattice in VQp that it is self-dual up to a scalar. The group Kp is the stabi-
lizer of the self-dual OB -lattice Λ0 in G(Qp). From Corollary 7.3 of [K2], we know that there ex-
ists g ∈ G(Qp) such that Λ′ = gΛ0, and g determines a well-defined element of G(Qp)/Kp . The
choice of isomorphism between H and V gives us a well-defined element of (G(Af )/K)×X∞.
Two isomorphisms between H and V differ by an automorphism of V , thus by an element of
G(Q) and the corresponding elements of (G(Af )/K)×X∞ are in the same G(Q)-orbit. Hence
(A,λ, i, η¯) gives rise to a well-defined element of the quotient G(Q) \ (G(Af )/K) × X∞). We
get a bijection from SK(C)(1) to G(Q) \ ((G(Af )/K) × X∞). Replacing V by V (i), we obtain
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points of a variety S(i)K over E, which is isomorphic to SK.
Hence, we get (see §8 of [K2]) that variety SKp over E is a disjoint union of |ker1(Q,G)|-
copies of SK.
5. Twisted Shimura varieties
Let q = p be a rational prime such that G is unramified at q , i.e. G is quasi-split over Qq and
split over an unramified extension of Qq . Consider now our K of the form K := Kq ×H , where
Kq is a normal subgroup of a hyperspecial maximal compact subgroup Hq of G(Qq). Then it is
well known (see for example Corollary 1.4.1.3 of [CA]) that for H sufficiently small, the group
Hq/Kq acts freely on SKp . The action of Hq/Kq on SKp(C) can be described in the following
way: the set SKp(C) is a disjoint union ∐mi=1 SK(C)(i) (a disjoint union of |ker1(Q,G)| copies
of SK(C)) and Hq/Kq acts on each
SK(C)(i) = G(Q)(i) \
((
G(Af )/K
)×X∞)
where Hq ↪→ G(AQ) by α → (1, . . . , α,1, . . . ,1), α at the q-component, and the action of an
element α ∈ Hq is given by the right multiplication at the q-component.
We fix a continuous representation
ρ : Gal(Q¯/E) → Hq/Kq,
unramified at p. Let L be the finite Galois extension of E defined by L := (Q)Ker(ρ).
Let
S′ = SKp ×Spec(E) Spec(L).
The group Hq/Kq acts on SKp . Since ρ : Gal(L/E) ↪→ Hq/Kq , the group Gal(L/E) acts
on SKp . We denote this action of Gal(L/E) on SKp by ρ′. The Galois group Gal(L/E) has
a natural action on Spec(L) and we can descend via the quotient process S′ to S′Kp/Spec(E)
using the diagonal action
Gal(L/E)  σ → ρ′(σ )⊗ σ
on S′. Thus, we obtain a quasi-projective variety S′Kp/Spec(E) having the same dimension
as SKp . This is the twisted Shimura variety that we mentioned in the title.
Now we describe the PEL moduli problem for S′Kp . We consider again quadruples as in Sec-
tion 3 above, only η will be replaced by η′. Thus, with the same notations as above, for the
twisted Shimura variety S′Kp a level structure of type Kp on A is a Kp-orbit η¯′ of isomorphisms
η′ : V ⊗Q Apf → H1(As,Apf ) of skew-Hermitian B-modules such that η¯′ is fixed by the action
ρ(τ)× τ for all τ ∈ π1(S, s) , where ρ(τ) acts on the left using the natural action of Hq/Kq and
τ acts on the right using the natural action of τ ∈ π1(S, s) on As .
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Let k be the residue field of E at some place v above p, let k¯ be the algebraic closure
of Fp , let σ be the Frobenius automorphism x → xp of k¯, let Φv := σ [k:Fp] and for any in-
teger r denote by kr the fixed field of σ r on k¯, so kr is a field with pr elements and Φv
fixes the field k. Consider a fixed point of S′Kp(k¯) under the action of Φ
j
v for some positive
integer j . Hence a fixed point is a k¯-point (A¯, λ, i, η¯′) of the moduli problem for S′Kp hav-
ing the propriety that (A¯, λ, i, η′) be isomorphic to σ r(A¯, λ, i, η¯′), where r := j [k : Fp]. Here
σ r(A¯, λ, i, η¯′) is the object (σ r(A¯), σ r(λ), σ r(i), σ r (η¯′)) over k¯ obtained from (A¯, λ, i, η¯′) by
extension of scalars for σ r : k¯ → k¯. Thus (A¯, λ, i, η¯′) is a fixed point of S′Kp iff there is a prime-
to-p isogeny u : σ r(A¯) → A¯, that commutes with the action of OB , sending σ r(η¯′) into η¯′,
and sending σ r(λ) into a scalar multiple of λ (a scalar in Z×
(p)
). Since Kp is assumed small
enough such that our objects have no automorphisms, the isogeny u is unique. We call the pair
A := (A¯, u) a virtual abelian variety over kr up to prime-to-p isogeny. Thus we can associate to
any fixed point (A¯, λ, i, η¯′) a polarized virtual B-abelian variety (A,λ, i) over kr up to prime-
to-p isogeny.
From the definition we get that an endomorphism of A := (A¯, u) is an endomorphism f :
A¯ → A¯ such that f u = uσ r(f ) which is equivalent to the condition fπA = πAf , where we
define the Frobenius element πA ∈ End(A¯) by πA := u◦Φr , where Φr is the Frobenius morphism
Φr : A¯ → σ r(A¯). Thus End(A) is the centralizer of πA in End(A¯), which implies that πA belongs
to the center of End(A). Choose an isomorphism H1(A¯,Apf )  V ⊗Q Apf of skew-Hermitian
B-modules. The element πA is an automorphism of the skew-Hermitian B-module H1(A¯,Apf )
(up to a scalar), and by means of the above isomorphism, πA can be regarded as an element
πA ∈ G(Apf ). Define γ := π−1A . Then γ ∈ G(Apf ) and its conjugacy class is independent of the
choice of isomorphism between H1(A¯,Apf ) and V ⊗Q Apf .
We denote by L the fraction field of the Witt ring W(k¯) and by Lr the fixed field of σ r
on L, which is the fraction field of the Witt ring W(kr). As in §10 of [K2], one gets that
H := {x ∈ H¯ | ux = x} (here H¯ is the tensor product over W(k¯) with L of the dual of the
W(k¯)-module H 1cris(A¯/W(k¯))) is a skew-Hermitian B-module over Lr such that H ∼= V ⊗Q Lr .
The σ -linear operator Φ on H 1cris(A¯/W(k¯)) is carried to a σ -linear bijection Φ : H → H com-
muting with B and satisfying Φr = π−1A (the element πA ∈ End(A¯) is carried to End(H)) and
(Φv,Φw) = cσ (v,w) for all v,w ∈ H , where c is some element of L×r . Choose an isomorphism
H ∼= V ⊗Q Lr of skew-Hermitian B-modules and use it to carry Φ over to a σ -linear bijection
Φ : V ⊗Q Lr → V ⊗Q Lr . Then we get that Φ = δσ for a linear automorphism δ of V ⊗Q Lr ,
where σ is the σ -linear bijection idV ⊗ σ from V ⊗Q Lr to itself. We get that δ ∈ G(Lr) and
changing our choice of isomorphism replaces δ by a σ -conjugacy xδσ (x)−1 (x ∈ G(Lr)). Hence,
the σ -conjugacy class of δ ∈ G(Lr) is well defined.
We want to define now an element a ∈ G(Lr) that will be used in the next section. By re-
stricting hC : (RC/RGm)C → GC to the factor of (RC/RGm)C = Gm × Gm indexed by the
identity map from C to C, we obtain a map μh : Gm → GC. Then the G(C)-conjugacy
class of μh gives a G(Q¯p)-conjugacy class of homomorphisms μ : Gm → GQ¯p , fixed by
Gal(Q¯p/Ev) and hence by its subgroup Gal(Q¯p/Lr). Let S be a maximal OLr -split torus in
G over OLr . Then S is also a maximal Lr -split torus in G over Lr , and μ can be chosen such
that it factors through S. Define a := μ(π−1Lr ) ∈ S(Lr), where πLr is a uniformizing element
in Lr .
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Now we fix such a polarized virtual B-abelian variety (A0, λ0, i0) over kr . In this section
we want to count the number of fixed points (A¯, λ, i, η¯′) of our correspondence for which the
associated polarized virtual B-abelian variety (A,λ, i) is isogenous to (A0, λ0, i0), in the sense
that there exists a Q-isogeny ϕ : A → A0 compatible with the B-actions and the polarizations
(up to Q×).
Let M := EndB(A0) and I be the Q-group {x ∈ M | xx∗ ∈ Gm} (the group of isogenies from
(A0, λ0, i0) to itself). Then the set of fixed points for which (A,λ, i) isogenous to (A0, λ0, i0)
equals to the quotient I (Q) \ Y , where Y is the set of such fixed points together with an isogeny
ϕ : A → A0 as above.
Fix two isomorphisms H1(A¯0,Apf )  V ⊗Q Apf and H  V ⊗Q Lr of skew-Hermitian B-
modules and use them as above to get γ ∈ G(Apf ) and δ ∈ G(Lr). We have a self-dual OB -lattice
Λ0 in V ⊗Q Qp and in V ⊗Q Lr . The stabilizer Kr of Λ0 in G(Lr) is a hyperspecial maximal
compact subgroup G(Lr). Giving (A,ϕ) is the same as giving an element x ∈ G(Lr)/Kr such
that x−1δσ (x) ∈ Krσ(a)Kr (see p. 432 of [K2]). Giving a level structure of type Kp on A¯0 is
equivalent to giving an element y ∈ G(Apf )/Kp , and it equivalent to giving a level structure η¯′
on A¯ if we have a given ϕ : A → A0. The condition that u carries σ r(η¯′) into η¯′ is equivalent to
the condition that η′ = πAη′ρ(σ r) (modulo Kp), which becomes the condition y = γ−1yρ(σ r)
(modulo Kp), or, equivalently, y−1γy ∈ Kpρ(σ r) (because ρ(σ r)Kp = Kpρ(σ r)). Thus we
obtain that there exists a bijection from the set of fixed points (A¯, λ, i, η¯′) with (A,λ, i) isogenous
to (A0, λ0, i0) to the quotient set I (Q) \ (Yp × Yp), where
Yp = {y ∈ G(Apf )/Kp ∣∣ y−1γy ∈ Kpρ(σ r)},
and
Yp =
{
x ∈ G(Lr)/Kr
∣∣ x−1δσ (x) ∈ Krσ(a)Kr}.
Thus the cardinality of this set is the integral
∫
I (Q)\(G(Af )×G(Lr ))
f p
(
y−1γy
)
φ˜r
(
x−1δσ (x)
)
,
where f p is the characteristic function of Kpρ(σ r) = Kpρ(σ r)Kp and φ˜r is the characteristic
function of Krσ(a)Kr . Here we use the Haar measure on I (Q) giving points measure 1, the Haar
measure on G(A
p
f ) giving K
p measure 1, and the Haar measure on G(Lr) giving Kr measure 1.
From Lemmas 10.7 and 10.8 of [K2], we know that I (Apf ) = Gγ (Apf ), where Gγ (Apf ) is the
centralizer of γ in G(Apf ), and that I (Qp) = Gδσ (Qp), where Gδσ (Qp) is the twisted centralizer
of δ in G(Lr). Hence the above integral is equal to
vol
(
I (Q) \ I (Af )
)
Oγ
(
f p
)
TOδ(φ˜r ),
where
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(
f p
)=
∫
I
(
A
p
f
)\G(Apf )
f p
(
y−1γy
)
,
TOδ(φ˜r ) =
∫
I (Qp)\G(Lr )
φ˜r
(
x−1δσ (x)
)
.
Replacing x by σ(x) in the integral defining TOδ(φ˜r ) and using the fact that σ−1(δ) is
σ -conjugate to δ (because σ−1(δ) = cδσ (c)−1 for c = σ−1(δ)) shows that TOδ(φ˜r ) =
TOσ−1(δ)(φr) = TOδ(φr), where φr is the characteristic function of KraKr . Therefore we proved
that the number of fixed points (A¯, λ, i, η¯′) for which (A,λ, i) is isogenous to (A0, λ0, i0) is equal
to
vol
(
I (Q) \ I (Af )
)
Oγ
(
f p
)
TOδ(φr).
8. The fixed points of Φjv
It remains only to describe the isogeny classes (A,λ, i) (see the beginning of Section 7 for
details). This is done in §17 and §18 of [K2]. One can define as in §14 of [K2] an element
γ0 ∈ G(Q). The G(Q¯)-conjugacy class of γ0 is determined uniquely by the requirement that γ0
be conjugate in G(Q¯l ) to the l-adic component of γ for all primes l different from p. Also we
have that δσ (δ) · · ·σ r−1(δ) ∈ G(Lr) is conjugate under G(Q¯p) to γ0. The group I is an inner
form of the centralizer I0 of γ0 in G. Thus we obtain a map (A,λ, i) → (γ0;γ, δ).
In §17 and §18 of [K2], it was proved that the image of the map (A,λ, i) → (γ0;γ, δ) is the
set of triples satisfying the above conditions and such that α(γ0;γ, δ) = 1, where α(γ0;γ, δ) was
defined in §15 of [K2]. From §17 and §18 of [K2], we know also that having a triple (γ0;γ, δ)
satisfying the above conditions and such that α(γ0;γ, δ) = 1, the cardinality of the set of isogeny
classes (A,λ, i) giving rise to (γ0;γ, δ) is equal to
∣∣ker[ker1(Q, I0) → ker1(Q,G)]∣∣.
Let c(γ0;γ, δ) be the product of vol(I (Q) \ I (Af )) and |ker[ker1(Q, I0) → ker1(Q,G)]|.
Combining the above remarks with the result obtained in Section 7 and with the fact that
SKp is a disjoint union of |ker1(Q,G)|-copies of the canonical model of the Shimura variety
associated to (G,h−1) and to K = KpKp , we get that the cardinality of the set of fixed points
for the action of Φjv = σ r on S′Kp(k¯) is equal to
∣∣S′Kp(kr)∣∣= ∣∣ker1(Q,G)∣∣
∑
γ0
∑
(γ,δ)
c(γ0;γ, δ) ·Oγ
(
f p
) · TOδ(φr), (8.1)
with (γ0;γ, δ) running through all equivalence classes of triples satisfying the conditions below
and having the propriety that α(γ0;γ, δ) = 1. The first sum is taken over a set of representatives
γ0 for the stable conjugacy classes in G(Q) (i.e. classes of elements in G(Q) that are conjugates
in G(Q¯)). The second sum is over a set of representatives for the equivalence classes of pairs
(γ, δ) ∈ G(Ap)×G(Lr) such thatf
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(b) δσ (δ) · · ·σ r−1(δ) ∈ G(Lr) is conjugate under G(Q¯p) to γ0.
Two pairs (γ1, δ1) and (γ2, δ2) are equivalent if γ1 and γ2 are conjugate under G(Apf ) and δ1 and
δ2 are σ -conjugate under G(Lr).
9. Some representations
In this section we define some representations that will be used in Section 10. To any unram-
ified complex representation πp of G(Qp) one can associate an unramified complex representa-
tion V (πp,Ev) of the Weyl group WEv as follows. To such a πp one can associate an unramified
admissible homomorphism
φ(πp) : WQp → L(GQp ),
well-defined up to conjugation by Gˆ, where L(GQp ) is the L-group formed using Gˆ and WQp .
By restricting φ(πp) to WEv one gets an unramified admissible homomorphism
φEv (πp) : WEv → L(GEv ).
The homomorphism of R-algebraic groups h : C× → GR determines a representation r of
L(GEv ) (see [L]). Let V (πp,Ev) be the unramified representation of WEv defined by
(
r ◦ φEv (πp)
)⊗ χ,
where χ is the unramified character of WEv whose value at the Frobenius element Φv of W unEv is√
p−[Ev :Qp]dimSKp . Let P(πp,Ev) be the characteristic polynomial of Φv acting on V (πp,Ev).
We now fix an admissible irreducible representation πf of G(Af ) unramified at p and having
component πp at p. Since ρ is unramified at p, by restriction one gets an unramified representa-
tion of WEv and let V (πp,Ev)′ be the unramified representation of WEv defined by
((
r ◦ φEv (πp)
)⊗ χ)⊗ (πKf ◦ ρ),
where we have used the natural action of Hq/Kq on πKf (recall that K = Kq ×H ): if h ∈ Hq is a
representative of an element h¯ ∈ Hq/Kq , and v ∈ πKf , then h¯ ·v := h ·v, where we regard h ∈ Hq
as an element of K using the natural inclusion Hq ↪→ K, where α → (1, . . . , α,1, . . . ,1), α at the
q-component. This definition is of course independent of the representative of the class h¯ and it is
easy to check that h¯ ·v ∈ πKf , because for k ∈ K, we have k ·(h¯ ·v) = k ·h ·v = h(h−1kh) ·v = h ·v
since h−1kh ∈ K, the subgroup Kq being normal in Hq .
Let P(πp,Ev)′ be the characteristic polynomial of Φv acting on V (πp,Ev)′.
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Using the computations from Section 8, we want to determine the zeta function of S′Kp (in
this section we are following closely [K5]). The formula (8.1) takes the form (see formula (5.1)
of [K5]):
∣∣S′Kp(kr)∣∣= ∣∣ker1(Q,G)∣∣τ(G)
∑
γ0
∑
(γ,δ)
e(γ, δ)Oγ
(
f p
)
TOδ(φr) · vol
(
AG(R)
0
I (∞)(R)
)−1
, (10.1)
where τ(G) is the Tamagawa number of G, AG is the split component of the center of G and
the number e(γ, δ) = ±1 is defined as follows: for each place w of Q we have a group I (w)
over Qw; for w = p,∞ the group I (w) is the centralizer of γw in G; for w = p the group I (w)
is the twisted centralizer of δ; for w = ∞ the group I (w) is the inner form of the centralizer of
γ0 in G that is anisotropic modulo the center of G.
Then the number e(γ, δ) = ±1 is equal to the product e(γ )e(δ)e∞(γ0) where e(δ) = e(I (p)),
e∞(γ0) = e(I (∞)), and e(γ ) =∏w =p,∞ e(I (w)).
Let f∞ be (−1)dimSKp times a pseudo-coefficient of some irreducible admissible repre-
sentation π∞ of G(R) having trivial central and infinitesimal characters. The function f∞ is
compactly supported modulo AG(R)0 and transforms under AG(R)0 by the trivial character.
We know (see Lemma 3.1 of [K5]):
Lemma 10.1. Let γ∞ be a semisimple element of G(R). Then the stable orbital integral SOγ∞
vanishes unless γ∞ is elliptic, in which case
SOγ∞(f∞) = vol
(
AG(R)
0
I (R)
)−1
· e(I ),
where I denotes the inner form of the centralizer of γ∞ in G that is anisotropic modulo AG.
For an automorphic representation π of G(AQ) with central character χπ , we define m(π) to
be the multiplicity of π in the space of automorphic forms on G(Q) \ G(AQ) transforming by
χπ under the center of G(AQ).
Consider a smooth function f on G(AQ), which transforms under AG(R)0 by the trivial
character and whose support is compact modulo AG(R)0. Because G/AG is anisotropic over Q,
the trace formula for f is
∑
γ
τ (Gγ )Oγ (f ) =
∑
π
m(π) trπ(f ), (10.2)
where γ runs over the representatives for the conjugacy classes in G(Q), Gγ is the centralizer of
γ in G, τ(Gγ ) is the Tamagawa of Gγ , Oγ (f ) is the orbital integral of f over the conjugacy class
of G(AQ), and π runs over the automorphic representations of G(AQ) whose central character
is the trivial character on AG(R)0.
We know (see Lemma 4.1 of [K5]):
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∑
γ0
τ(G)SOγ (f ),
where γ0 runs through a set of representatives for the stable conjugacy classes in G(Q) and
SOγ (f ) denotes the stable orbital integral of f over the stable conjugacy class of γ in G(AQ).
Applying the base change homomorphism to φr , we get a function fr in the Hecke algebra
of G(Qp) with respect to Kp . From §2 of [K3], we know that for any irreducible unramified
representation πp of G(Qp) we have
trπp(fr) = tr
(
σ r ;V (πp,Ev)
)= tr(Φjv ;V (πp,Ev)), (10.3)
where V (πp,Ev) was defined in Section 9.
From [C], we know that the “fundamental lemma” for φr and fr holds: for every semisimple
γp ∈ G(Qp)
SOγp (fr) =
∑
δ
e(δ)TOδ(φr), (10.4)
where SOγp is the stable orbital integral (see §5 of [K4]) and δ runs over a set of representa-
tives for the σ -conjugacy classes of δ ∈ G(Lr) such that δσ (δ) · · ·σ r−1(δ) is conjugate to γp
in G(Q¯p).
Thus from (10.4) and Lemma 10.1, we deduce that (10.1) is equal to
∣∣ker1(Q,G)∣∣τ(G)∑
γ0
SOγ0
(
f p · fr · f∞
)
, (10.5)
where γ0 runs over a set of representatives for the stable conjugacy classes in G(Q). From
Lemma 10.2 and the trace formula (10.2) applied to the function f p · fr · f∞, we get that (10.5)
is equal to
∣∣ker1(Q,G)∣∣∑
π
m(π) trπ
(
f p · fr · f∞
)
, (10.6)
which is equal to
∣∣ker1(Q,G)∣∣∑
πf
a(πf ) trπf
(
f pfr
)
, (10.7)
where πf ranges over the irreducible representations of G(Af ) and a(πf ) ∈ Z is given by
a(πf ) =
∑
π∞
m(πf ⊗ π∞) trπ∞(f∞),
where the sum runs over π∞ ∈ Π∞, and Π∞ is the set of irreducible admissible representations
up to isomorphism of G(R) having trivial central and infinite characters and for an automorphic
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multiplicity of π in the space of automorphic forms on G(Q) \ G(AQ) transforming by χπ
under the center of G(AQ).
Since fr is bi-invariant under Kp , the number trπf (f pfr) is zero unless the p-component
πp of πf is unramified, in which case we get
trπf
(
f pfr
)= trπf (f p1 ) trπp(fr), (10.8)
where we recall that f p = Kpρ(σ r) = Kpρ(σ r)Kp and the function f p1 is defined by f p1 :=
KpKpρ(σ
r) = Kρ(σ r) = Kρ(σ r)K. Now one could see easily that
trπf
(
f
p
1
)= tr(σ r ;πKf ◦ ρ), (10.9)
because if we denote by f ′1
p the characteristic function of KpKp = K, we have
πf
(
f
p
1
)=
∫
f
p
1 (g)πf (g) dg =
∫
f ′1
p(
gρ
(
σ−r
))
πf (g)dg
=
∫
f ′1
p
(g)πf
(
gρ
(
σ r
))
dg =
∫
K
πf (g)πf
(
ρ
(
σ r
))
dg.
Thus from (10.3), (10.8) and (10.9) we get
trπf
(
f pfr
)= tr(σ r ;V (πp,Ev)) tr(σ r ;πKf ◦ ρ)
= tr(σ r ;V (πp,Ev)⊗ (πKf ◦ ρ))
= tr(σ r ;V (πp,Ev)′), (10.10)
where V (πp,Ev)′) was defined in Section 9 and from (10.1) and (10.7) we get that
∣∣S′Kp(kr)∣∣= ∣∣ker1(Q,G)∣∣
∑
πf
a(πf ) tr
(
σ r ;V (πp,Ev)′
)
, (10.11)
where πf ranges over the irreducible representations of G(Af ).
Consider now a smooth algebraic variety S over a number field E. Then the zeta function of
S is defined by
Z(S, s) =:
∏
v
Zv(S, s),
where v runs over all places of E, and at the places v where S has good reduction, we have
Zv(S, s) := Z
(
S(v), q−sv
)
,
where S(v) is the reduced variety at v and qv is the cardinality of the residue field k(v), and
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(
S(v), T
)= exp
(∑
j>0
∣∣S(v)(F
q
j
v
)
∣∣ · T j
j
)
,
where F
q
j
v
is the finite field of cardinality qjv .
From (10.11) we deduce that
Zv
(
S′Kp, s
)= exp
(∑
j>0
∣∣ker1(Q,G)∣∣∑
πf
a(πf ) tr
(
Φjv ;V (πp,Ev)′
) · q
−js
v
j
)
=
∏
πf
det
(
1 − q−s+
dimSKp
2
v ·
((
r ◦ φEv (πp)
)⊗ (πKf ◦ ρ))(Φv))−a(πf )·|ker1(Q,G)|,
(10.12)
where πf ranges over the irreducible representations of G(Af ).
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